1. Introduction.-It has been recognized now for some time' that the shock waves in the interiors of white subdwarfs, originating as a result of sudden disturbances of as yet unknown nature, are probably responsible for some of the most spectacular features of observed Nova outbursts. Owing to the mathematical difficulties of the underlying dynamical problem, however, a consistent rational theory of the phenomenon relating the observed boundary phenomena with specific initial conditions is still almost entirely lacking, and the applications of the existing shock wave theory to the Nova outbursts have so far scarcely exceeded the qualitative stage. On the other hand, some recent work on the propagation of spherical shock waves through gravitating gas spheres by one of us2 concerned the construction of solutions which are possible only in certain definite models whose equilibrium properties are rather far from the expected internal structure of white subdwarfs.3
1. Introduction.-It has been recognized now for some time' that the shock waves in the interiors of white subdwarfs, originating as a result of sudden disturbances of as yet unknown nature, are probably responsible for some of the most spectacular features of observed Nova outbursts. Owing to the mathematical difficulties of the underlying dynamical problem, however, a consistent rational theory of the phenomenon relating the observed boundary phenomena with specific initial conditions is still almost entirely lacking, and the applications of the existing shock wave theory to the Nova outbursts have so far scarcely exceeded the qualitative stage. On the other hand, some recent work on the propagation of spherical shock waves through gravitating gas spheres by one of us2 concerned the construction of solutions which are possible only in certain definite models whose equilibrium properties are rather far from the expected internal structure of white subdwarfs. 3 There seems, in brief, indeed no room for doubt that the solutions of the actual astrophysical problem, starting from proper initial conditions, will defy any analytical approach and can be obtained only by a step-by-step process of numerical integration of a certain system of non-linear partial differential equations, with boundaryconditionsgiven over two moving surfaces. The aim of the present paper will, therefore, be twofold: to formulate such systems of differential equations which, in our opinion, cannot be simplified further without risking the suppression of some essential features of the phenomenon which they are to describe, and to reduce them to the form in which they can be made amenable to numerical integration over a finite characteristic mesh. It is the difficulty inherent in this latter process, and in the proper application of the boundary conditions, which is probably responsible for the fact that no such solutions have so far ever been attempted by any investigator. (4) where y denotes the ratio of specific heats of stellar material (which will hereafter be taken as a constant); a, the Stefan constant; w2 = 'vp/p stands for the local velocity of sound; T, for the absolute temperature; and S, for the net flux of radiation through a sphere of radius r, which is defined
3K(p, T) k4tnh't where c is the velocity of light and K(p, T), the coefficient of opacity, per unit mass, of stellar matter. In these equations, the total pressure p is a sum of the gas pressure and the radiation pressure, of the form R 1 p -pT+ -aT4, 
bt b~m r2 where U (8) the equation of continuity can now be written as
The energy equation becomes
The foregoing system of equations (7) to (10) defines the dependent variables r, u, p and T as functions of the time t and the mass m contained within a sphere of the radius ro describing the initial position of the particle under consideration; the relation between the Lagrangian variable m and the initial position. roof any particle being provided by
dro where po(ro) denotes the initial distribution of density in the undisturbed sphere.
Before proceeding to discuss a solution of the fundamental equations (1) to (4) or (7) to (10) in the Eulerian or Lagrangian form, we wish to point out some simplifications which seem legitimate on the basis of the following physical considerations. First, the radiation pressure 1/3 aT4 is known to participate appreciably in the total pressure p only in stars of masses considerably greater than that of the sun; for stars of smaller masses the ratio of the radiation to gas pressure becomes negligible. The masses of white subdwarfs as a class are not yet known with any accuracy; but the absolute magnitudes of the post-Novae combined with the empirical mass-luminos-497 VOL. 37,0 1951 ity relation would point to masses which are ge-nerally inferior to that of the sun. If so, then, the effects of radiation pressure (i.e., all terms multiplied by the Stefan constant) in equation (6) , as well as on the left-hand sides of (4) and (10), can be safely ignored (at least for ordinary Novae).
A further simplification can be obtained if we recall that the initial conditions of our problem (i.e., the structure of the undisturbed star) involves usually the assumption that the pre-Nova is through most part of its interior (if not wholly) in radiative equilibrium, which is defined by
am Before any explosion takes place, therefore, the right-hand side of equations (4) and (10) is accordingly equal to zero. After the explosion, the radiative equilibrium will theoretically break down both behind, and in front of, the shock wave (since the instantaneous flux of radiation may, in general, overtake the shock). But-and this is significant-the consequences of any breakdown of radiative equilibrium will make themselves felt on a time scale which is utterly long in comparison with that of a Nova outburst,5 so Velocity, u (2 rGpoRo02)'1 u that during the first few hours following the initial explosion the equilibrium of the regions in front of the shock wave will not be appreciably disturbed. Behind the shock wave, the radiative equilibrium breaks down immediately and gives way to a convective one, for which the right-hand sides of equations (4) and (10) become naturally equal to zero. In what follows, therefore, we shall replace the full-dress equations (4) or (10) expressing the conservation of energy by their simpler forms appropriate for polytropic gas in convective equilibrium. The preceding considerations exhaust the list of permissible simplifications which we feel justified in introducing without suppressing any essential feature of our problem. Before proceeding, however, with the solution of our fundamental equations, we wish to normalize our variables so as to convert our systems to non-dimensional form. Suppose that we decide to accomplish this by the choice of units shown in table 1, where Ro and po denote arbitrary radius and density which may (though not necessarily so) be identified with the radius of the undisturbed configuration, and with its central density.
Introducing the new non-dimensional variables in the fundamental equations of our problem, the Eulerian equation (1) to (4) 
6,r ax 6,r ax, 
6T a ax 3. Characteristic Equations.-In a problem of wave propagation, such as the one being considered here, one expects, in general, to find a system of totally hyperbolic differential equations, which can be solved by step-bystep integration; but when there are more than two unknown quantities, the process may be rather complicated.6 It is, however, sometimes possible to arrange the compatibility relations along the characteristics so that only two of the unknowns appear in differential form. The process of integration is then not much more complicated than in the case of two unknowns VOL. 37, 1951 This is indeed possible in the present case by a scheme used previously in a simnilar problkf.7 It will become clear that this possibility is closely related to the fact that pressure and velocity disturbances are propagated with the velocity of sound relative to the moving stream, while entropy changes can be traced by following the motion of individual fluid particles. To accomplish this transformation, one eliminates the derivatives of a-from (13) by the use of (14). The resultant equation
,,~~~~-r ,\ x ax X involves only the derivatives of ir and u, just as in (12). Thus, one may expect to find, associated with (12) and (22), two characteristic directions, along which differential relations involving only dir and du (and dr) hold. Indeed, by considering the system of equations (12), (22), (14) and (17) 
dx -ud
Notice that equations (28) and (29) fact that the path lines are directly integrable. radial flow governed by the equations which were set forth in preceding sections will be separated from the medium in front (which may be at rest, or moving) by a shock wave, at which the radial velocity, pressure and density undergo a discontinuous change. If subscripts 0 and 1 are hereafter used to denote the respective pr6perties in front of, and immediately behind, the advancing shock front, the conservation of mass, energy and momentum across the shock can be shown8 to require that 
where M = (U-u0)/wo denotes the Mach Number of the shock under consideration, U being the velocity with which the shock propagates in space so that U -uo is the velocity through the medium in front of it. increases or wo diminishes), the shock strength ri/rO may increase beyond any limit, while the ratio al/lo possesses a finite upper bound. In neutral gas, the latter is clearly (y + 1)/(-y -1) which, in air (y= 1.4) is approximately 6, and for monatomic gas (y = 5/3), diminishes to 4. At high temperatures, when the dissociation and ionization must be taken into account, the situation becomes more complicated9 and the density jump across the shock may increase up to ten10 which is, however, still of the same order of magnitude. These facts have an important bearing on the interpretation of certain salient features of the Novae, whose effective photospheres we propose to identify with shock fronts at the head of expanding gas flow. Perhaps the most revealing pertinent feature is the fact that, as the radius of the effective surface of a Nova expands a hundred to a thousand times (a process, which we can follow by the integration of the light curves), the spectroscopic evidence indicates that the effective temperature declines as a rule but very little-a fact which could scarcely be understood if the distribution of pressure in the expanding field of flow were to be continuous. The presence of a shock wave enables us, however, to account logically for this apparent paradox: for as the shock sweeps outwards, an integration of the light curve discloses that its velocity remains approximately constant, but the temperature of the tenuous gas in front of it diminishes rapidly with increasing distance from the center. As a result, the Mach Number M of the shock grows in proportion; and it is-we suggest-this gradual increase in shock strength, caused by the falling temperature in front, which maintains the observed temperature behind the shock in the course of its expansion, and by keeping the pressure sufficiently high it renders the shock front opaque. Thus, while an initial explosion-single or repeated-of as yet unknown origin (possibly a sudden release of nuclear energy, or gravitational collapse of a critical shell) in the interior of a Nova must be responsible for the onset of its outburst, it is the conversion of the kinetic energy into heat through the medium of shock waves which very probably gives rise to the effective photospheres of the Novae as observed in the early stages of expansion. A more complete discussion of the astrophysical implications of our suggestion and a comparison with the observations is, however, outside of the scope of the present note and is being postponed for a subsequent publication.
Whereas the outer boundary of the field of flow caused by a sufficiently intense explosion will, we suggest, be of the nature of an expanding shock front, the inner boundary may or may not be a shock wave, depending on the energy balance of the phenomenon. For consider the limiting case of a blast wave caused by an instantaneous central explosion; the inner boundary of the corresponding flow will be a sphere of a radius xi equal to the instantaneous position of a particle that was originally at the center. If, by definition, all the energy which has produced the wave motion was released at r = 0, there will be no longer any energy exchange for T > 0 between the gas flow and the region interior to xi. In consequence, our shock wave conditions reduce to u(x1) = U Tr(xi) = r o (xi) = 0 where vi is an arbitrary constant. A sphere of radius xi thus becomes a surface of contact discontinuity, which moves with the gas at a velocity u(xi) and separates two regions of possibly different densities and temperatures, though the pressure remains the same on either side.
Mathematically speaking, the streamline of a particle which was originally at the center is evidently , = 0, and it has been shown in the preceding section that its direction is characteristic. Hence, for pure blast waves, the inner boundary itself proves to be a characteristic, a fact which should greatly facilitate the computations. Physically speaking, the core interior to xi can be visualized as a region of vanishing density, in which a finite pressure may be maintained by a very high temperature. It is obvious, however, that the period of time during which such a contact surface can actually exist is rather severely limited by the effects of heat conduction, which we have so far ignored in our equations. Nevertheless, the conduction of heat in stellar interiors seems such that our approximation may retain its usefulness during the first few hours, or even days, following the main explosion. (32) , all the three quantities 7ri, al and ul behind the shock can be determined from known values ro, ao, uo of these quantities in front, together with the strength of the shock, which may be described, e.g., by the Mach Number M of the wave speed relative to the gas in front. The speed of propagation U of the shock wave in space is similarly determined. The quantities A and x are continuous across the shock, and it is easy to see that along the shock front dx = Ud'r (33
where vo = U -uo and v1 = U -ul are, respectively, the wave speeds relative to the gas in front and behind. These differential relations, together with the shock relations (30) to (32) To fix our ideas on the process of.stepwise integration involving a shock, let -us consider it in some detail. Suppose the solution is known up to r = x1; then it is also known in the triangle PP1IP2 (Fig. 2) . Furthermore, this part of the solution can -be calculated by stepwise integration as explained in Section 3. The solution is also known in the triangular region PP2P3 bounded by the shock PPP8 and the two characteristics PP2 and P2P3. To see the geometrical relations shown in the-diagram, one should bear in mind that for an outgoing wave, uo + wo < U < ul + wi.
To carry out the numerical integration, one may take a segment PQ of PP2 so small that PR and QR are also small enough to justify the approximation of differentials by finite differences. One may then determine the values of x and r for the point R and then the values of ul and Tri by using the differential relations (33), (34), (38) developed above. The other two quantities ,u and oa are determined by the continuity of ,u across the shock and the shock relations (30) to (32). Iteration may be carried out in the usual manner.
Modification of the above procedure to get better accuracy might be desirable in certain cases. One may, for example, complete the integration of the triangular region PQR in the manner indicated in the following diagram ( fig. 3) , where (P, 1) is the path line through P, and the characteristic (1, 2) is drawn so that <P1Q = < P12, (2, 3) is again a path line, etc.
Numerical integrations of the system (18) to (21) along the above-described lines, which should follow the propagation of spherical blast waves in the interior of stellar models approximating the structure of white subdwarfs, are now in progress at the Massachusetts Institute of Technology, and their results will be reported in subsequent communications.
